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Abstract. In this paper, realizing an inﬁnite simplicial complex K in
the linear space RK
ð0Þ
naturally, we investigate the box topology on
jK j inherited from RK ð0Þ that is ﬁner than the metric topology and
coarser than the Whitehead (weak) topology.
The polyhedron jK j of a simplicial complex K has typical two topologies,
the weak (Whitehead ) topology and the metric topology. In case K is locally
ﬁnite, these topologies are identical. In this paper, we introduce a new topology
which is ﬁner than the metric topology and coarser than the weak topology in
general.
The vertices of a simplicial complex K is denoted by K ð0Þ. Let RK
ð0Þ
is the
linear space of all real-valued functions deﬁned on K ð0Þ with the operations
deﬁned coordinate-wise. For each v A K ð0Þ, let ev A RK
ð0Þ
be the unit vector deﬁned
by evðvÞ ¼ 1 and evðuÞ ¼ 0 if u0 v. By RK ð0Þf , we denote the linear subspace of
RK
ð0Þ
generated by ev, v A K ð0Þ, i.e.,
RK
ð0Þ
f ¼ fx A RK
ð0Þ j xðvÞ ¼ 0 except for ﬁnitely many v A K ð0Þg:
Identifying vertices v A K ð0Þ with ev A RK
ð0Þ
, we can realize jK j in RK ð0Þf , that is, we
can regard jK jHRK ð0Þf . Thus, jK j can inherit various topologies from RK
ð0Þ
f .
The linear space RK
ð0Þ
f has the norm deﬁned by
kxk ¼
X
v AK ð0Þ
jxðvÞj;
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which is inherited from the Banach space l1ðK ð0ÞÞ. The metric topology of jK j is
induced by this norm. This topology is also induced by the norms
kxky ¼ sup
v AK ð0Þ
jxðvÞj; kxk2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX
v AK ð0Þ
xðvÞ2
s
; etc:1
The linear space RK
ð0Þ
f has the product (Tychono¤ ) topology and it is a locally
convex topological linear space with respect to this topology.2 Although the
product topology on RK
ð0Þ
f is not generated by any norm, the topology of jK j
inherited from the product topology coincides with the metric topology of jK j.
The weak topology of jKj is no other than the relative (or subspace) topology
of the ﬁnite topology of RK
ð0Þ
f which is the weak topology determined by the
Euclidean topology on each ﬁnite-dimensional linear subspace (cf. Appendix
One, A.4.2 and B.5 in [2]). However, RK
ð0Þ
f is not a topological linear space with
respect to the ﬁnite topology. In fact, the addition is not continuous with respect
to this topology [2, Appendix One, A.4.3].
By the way, remind that RK
ð0Þ
f is a locally convex topological linear space
with respect to the box topology, where the origin (the null element) 0 A RK
ð0Þ
f has
the open neighborhood basis consisting of the following sets:
RK
ð0Þ
f V
Y
v AK ð0Þ
ðev;evÞ; ev > 0; v A K ð0Þ:
The box topology is important in study of topology of LF spaces (see [3], [4]).
The box topology of RK
ð0Þ
f induces the new topology on jK j which is also called
the box topology.
By jK jm, jK jw and jK jb we denote the spaces jK j with the metric topology,
the weak topology and the box topology, respectively. As is easily observed, the
identities id : jK jw ! jKjb and id : jK jb ! jK jm are continuous. In other words,
the metric topologyH the box topologyH the weak topology:
In case K is locally ﬁnite, these topologies are equal because the metric topology
coincides with the weak topology. It will be shown that if K is locally countable
or dim Ka 1, then the box topology of jK j coincides with the weak topology,
that is, jK jb ¼ jKjw as spaces (Theorem 1). Let J be a well-known 1-dimensional
countable simplicial complex such that jJjm0 jJjw as spaces.3 Then, jJjb0 jJjm
1The topology induced by k  ky is no other than the uniform convergence topology.
2The product topology is no other than the point-wise convergence topology.
3The space jJjm is called the hedgehog.
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as spaces (Corollary 1). We will construct a 2-dimensional simplicial complex B
such that jBjb0 jBjw as spaces (Theorem 3).
In case K is a full simplicial complex, the space jKjb is identiﬁed with the
convex subspace of the locally convex topological linear space RK
ð0Þ
f with the
box topology. Then, it follows from the Dugundji Extension Theorem [1] (cf.
Section 5.1 of [5]) that jK jb is an absolute extensor for metrizable spaces. We will
prove that for an arbitrary simplicial complex K , the space jK jb is an absolute
neighborhood extensor for metrizable spaces (Theorem 2).
The subdivision preserves the weak topology but does not the metric to-
pology. On the other hand, the product preserves the metric topology but does
not the weak topology. Like this, these topologies have good and bad points. The
box topology is intermediate between the weak topology and the metric topology.
Besides, it is inherited from a locally convex topological linear space. Then, we
expected for this new topology to inherit both good points from the weak and the
metric topologies. But, against this expectation, the box topology is worse than
these topologies. It will be shown that even the barycentric subdivision does not
preserve the box topology (Theorem 5) and that a simplicial map does not need
to be continuous with respect to the box topology (Theorem 7).
As for the continuity of simplicial maps with respect to the box topology,
it can be proved that if K is locally countable or locally ﬁnite-dimensional,
every simplicial map f : K ! L is continuous with respect to the box topol-
ogies (Theorem 6). A simplicial map f : K ! L is proper if f 1ðvÞVK ð0Þ
(¼ ð f j jK ð0ÞjÞ1ðvÞ) is ﬁnite for each v A Lð0Þ. We will also show that every proper
simplicial map f : K ! L is continuous with respect to the box topologies
(Theorem 6).
For inﬁnte simplicial complexes, refer to [5, Chapter 3].
1. Comparison between Topologies
By N and o, we denote the positive integers and the non-negative integers,
respectively. Namely, o ¼ NU f0g. Let K be a simplicial complex. The vertices
of a simplex s A K is denoted by sð0Þ. The boundary of s is denoted by qs
and rint s ¼ s nqs is the radial interior of s. For each x A jK j, let cKðxÞ be the
smallest simplex of K containing x, which is called the carrier of x in K . Let
cKðxÞð0Þ ¼ fv1; . . . ; vng. Then, we can ﬁnd t1; . . . ; tn > 0 such that
Pn
i¼1 ti ¼ 1 and
x ¼Pni¼1 tivi. We deﬁne
bKv ðxÞ ¼
ti if v ¼ vi;
0 otherwise:

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Then, we have bK : jK j ! RK ð0Þf H l1ðK ð0ÞÞ deﬁned by bKðxÞ ¼ ðbKv ðxÞÞv AK ð0Þ . The
metric topology is induced by the following metric rK :
rKðx; yÞ ¼
X
v AK ð0Þ
jbKv ðxÞ  bKv ðyÞj ¼ kbKðxÞ  bKðyÞk:
For a subcomplex L of K , x A jLj if and only if cKðxÞ A L.
Regarding bKðjK jÞ as a subspace of the space RK ð0Þ with the box topology,
we introduce the new topology on jK j and the space jK j with this topology is
denoted by jK jb. For each x A jK j, UH jK j is a neighborhood of x in jK jb if and
only if there are ev > 0, v A K ð0Þ, such that
fy A jK j j Ev A K ð0Þ; jbKv ðxÞ  bKv ðyÞj < evgHU :
Proposition 1. Let K be a simplicial complex and L a subcomplex of K.
Then, jLjb is a closed subspace of jK jb.
Proof. We can identify
RL
ð0Þ ¼ fx A RK ð0Þ j Ev A K ð0Þ nLð0Þ; xðvÞ ¼ 0gHRK ð0Þ :
Since the box topology of RL
ð0Þ
is the relative topology of the box topology of
RK
ð0Þ
, the topology of jLjb is also the relative topology of the box topology of
RK
ð0Þ
. Then, it follows that jLjb is a subspace of jK jb. The closedness of jLj in
jK jb is obvious because jLj is closed in jK jm. r
The star Stðs;KÞ of s A K is the subcomplex of K consisting of all faces
of simplexes of K containing s as a face. The link Lkðs;KÞ of s A K is the
subcomplex of the star Stðs;KÞ consisting of simplexes of Stðs;KÞ missing s. For
simplicity, we write Stðx;KÞ ¼ StðcKðxÞ;KÞ for a point x A jK j, which is called
the star at x in K . For each vertex v A K ð0Þ, ðbKv Þ1ðð0; 1Þ is denoted by Oðv;KÞ
and called the open star at v in K . Note that Oðv;KÞ ¼ jStðv;KÞj n jLkðv;KÞj. The
open star at a point x A jK j is deﬁned as Oðx;KÞ ¼7
v A cK ðxÞð0Þ Oðv;KÞ, which is
open in jK jm, and hence open in both jK jb and jK jw. Since Oðx;KÞH Stðx;KÞ,
the star Stðx;KÞ is a neighborhood of x in jK jm, jK jb, and jK jw.
Lemma 1. For each x A jK j, UH jK j is a neighborhood of x in jK jb if and
only if there are ev > 0, v A Stðx;KÞð0Þ, such that
fy A jK j j Ev A Stðx;KÞð0Þ; jbKv ðxÞ  bKv ðyÞj < evgHU :
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Proof. The ‘‘if ’’ part is trivial. To prove the ‘‘only if ’’ part, let UH jK j be
a neighborhood of x in jK jb. By the deﬁnition of the box topology, there are
ev > 0, v A K ð0Þ, such that
fy A jKj j Ev A K ð0Þ; jbKv ðxÞ  bKv ðyÞj < evgHU :
For each v A cKðxÞð0Þ, replacing ev > 0, we may assume that ev < bKv ðxÞ. Let
V ¼ fy A jK j j Ev A Stðx;KÞð0Þ; jbKv ðxÞ  bKv ðyÞj < evg:
For each y A V , bKv ðyÞ > 0 for every v A cKðxÞð0Þ. This means that cKðxÞa cKðyÞ,
hence cKðyÞ A Stðx;KÞ. Therefore, bKv ðyÞ ¼ 0 < ev for every v A K ð0Þ nStðx;KÞð0Þ.
Then, it follows that
V ¼ fy A jK j j Ev A K ð0Þ; jbKv ðxÞ  bKv ðyÞj < evgHU :
This completes the proof. r
Theorem 1. Let K be a simplicial complex. If K is (1) locally countable or
(2) dim Ka 1, then jK jb ¼ jK jw as spaces.
Proof. (1): Due to Lemma 1, it su‰ces to show the claim in the case K
is countable. In this case, jK jb can be regarded as a subspace of the space RN
with the box topology, where jK jHRNf . As is well-known, the subspace RNf of
the space RN with the box topology is the direct limit of the tower R1HR2H
R3H    of Euclidean spaces, that is, its topology is the weak topology with
respect to this tower. Then, jKjb has the weak topology with respect to jKjVRn,
n A N. Since each simplex of K is contained in some jK jVRn, it follows that jK jb
has the weak topology with respect to K , that is, jK jb ¼ jK jw.
(2): Let x A jK j. In case x ¼ v0 A K ð0Þ, each y A jStðv0;KÞj nfv0g is contained
in some 1-simplex hv0; vi A K (¼ K ð1Þ), where note that
0a bKv0 ðv0Þ  bKv0 ðyÞ ¼ 1 bKv0 ðyÞ ¼ bKv ðyÞ:
It follows from Lemma 1 that UH jK j is a neighborhood of x in jK jb if and only
if there are dv > 0, v A Lkðv0;KÞð0Þ, such that
fy A jStðv0;KÞj j Ev A Lkðv0;KÞð0Þ; bKv ðyÞ < dvgHU :
When cKðxÞ is a 1-simplex hv0; v1i A K , we can write x ¼ ð1 tÞv0 þ tv1 for some
0 < t < 1. Since jStðx;KÞj ¼ cKðxÞ, it follows from Lemma 1 that UH jK j is a
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neighborhood of x in jK jb if and only if there is some 0 < d < minft; 1 tg such
that
fð1 sÞv0 þ sv1 j 0 < t d < s < tþ dgHU :
Therefore, UH jK j is a neighborhood of x in jK jb if and only if U is neigh-
borhood of x in jK jw. Thus, we have the result. r
The following 1-dimensional countable simplicial complex J is a well-known
example of a simplicial complex such that jJjw0 jJjm:
J ¼ fv0; vn; hv0; vni j n A Ng;
where vn0 vm if n0m A o. Since jJjb ¼ jJjw by Theorem 1, it follows that
jJjb0 jJjm. Note that if a simplicial complex K is not locally ﬁnite, then K
contains a subcomplex which is simplicially isomorphic to J. Thus, by Propo-
sition 1, we have the following:
Corollary 1. If a simplicial complex K is not locally ﬁnite, then
jK jb0 jK jm as spaces. r
2. Absolute Neighborhood Extensors for Metrizable Spaces
As mentioned in Introduction, for a full simplicial complex K , the space jK jb
is an absolute extensor for metrizable spaces. This fact extends as follows:
Theorem 2. For every simplicial complex K , jK jb is an absolute neighborhood
extensor for metrizable spaces.
To prove this theorem, we need the following proposition:
Proposition 2. Let K be a simplicial complex and X a metrizable space.
Then, f : X ! jK jb is continuous if and only if f : X ! jK jw is continuous.
Proof. The ‘‘if ’’ part is obvious. To show the ‘‘only if ’’ part, assume that
f : X ! jK jw is not continuous at x0 A X , that is, f ðx0Þ has a neighborhood V
in jK jw such that f ðUÞQV for any neighborhood U of x0 in X . Then, we can
ﬁnd a sequence x1; x2; . . . A X such that x0 ¼ limn!y xn and f ðxnÞ B V for every
n A N. Let
L ¼ fs A K j bn A N such that sa cKð f ðxnÞÞg:
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Then, L is a countable subcomplex of K and f f ðxnÞ j n A ogH jLj. Hence, f ðx0Þ0
limn!y f ðxnÞ in jLjw. On the other hand, the countability of L implies jLjw ¼ jLjb
by Theorem 1(1). Consequently, f : X ! jK jb is not continuous. r
Remark 1. Every metric space is a k-space and the above proposition holds
even if X is a k-space. Indeed, when X is a k-space, assume that f : X ! jK jb
is continuous. For each compact set C in X , f ðCÞ is compact in jK jm. Hence,
there is a countable subcomplex L of K such that f ðCÞH jLj. In fact, f ðCÞ has
a countable dense subset D. The desired subcomplex LHK can be deﬁned as
a subcomplex of K consisting of all faces of cKðyÞ, y A D. According to Theorem
1 and Proposition 1, jLjw ¼ jLjb is a subspace jK jb. Then, f jC : C ! jLjw is
continuous, so f jC : C ! jK jw is also continuous because jLjw is a subspace of
jK jw. Since X is a k-space, it follows that f : X ! jK jw is continuous.
Now, we can prove Theorem 2.
Proof of Theorem 2. Let X be a metrizable space and f : A ! jK jb a map
from a closed set A in X . By Proposition 2, f : A ! jK jw is also continuous.
Since jK jw is an absolute neighborhood extensor for metrizable spaces, there exists
a neighborhood U of A in X with a continuous extension ~f : U ! jKjw of f .
Then, ~f : U ! jK jb is also continuous. Thus, f : A ! jK jb extends over a neigh-
borhood of A in X . r
3. The Simplicial Complex B
We deﬁne a simplicial complex B as follows:
Bð0Þ ¼ fvn j n A ogU fvl j l A NNg;
B ¼ fs j bn A N; bl A NN such that sa hv0; vn; vlig:
Then, card Bð0Þ ¼ 2@0 and dim B ¼ 2. For each n A N and l A NN, let
an;l ¼ 1 2
lðnÞ þ 1
 
v0 þ 1
lðnÞ þ 1 vn þ
1
lðnÞ þ 1 vl A hv0; vn; vli:
Theorem 3. The box topology on jBj is di¤erent from the weak topology, that
is, jBjb0 jBjw as spaces.
Proof. Let A ¼ fan;l j n A N; l A NNgH jBj. For each n A N and l A NN, A
meets the simplex hv0; vn; vli at the point an;l. Hence, A is closed in jBjw. On the
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other hand, A is not closed in jBjb. On the contrary, assume that A is closed in
jBjb, that is, jBj nA is open in jBjb. Since v0 A jBj nA, we can ﬁnd en > 0, n A o
and el > 0, l A N
N, such that
ðbBv0Þ
1ðð1 e0; 1ÞV 7
n AN
ðbBvnÞ1ð½0; enÞÞV 7
l ANN
ðbBvlÞ
1ð½0; elÞÞH jBj nA:
Let l0 A N
N be the map deﬁned by
l0ðnÞ ¼ max n; 2
e0
 
;
1
en
  
for each n A N;
where ½t A Z is the largest integer such that ½ta t, hence ½t þ 1 is the smallest
integer such that t < ½t þ 1. Choose n0 A N so that 1=n0 < el0 . Then, it follows
that
bBvl0
ðan0;l0Þ ¼
1
l0ðn0Þ þ 1 <
1
n0
< el0 ;
bBv0ðan0;l0Þ ¼ 1
2
l0ðn0Þ þ 1 > 1 e0 and
bBvn0
ðan0;l0Þ ¼
1
l0ðn0Þ þ 1 < en0 :
Moreover, bBvnðan0;l0Þ ¼ 0 < en for each n A N nfn0g and bBvlðan0;l0Þ ¼ 0 < el for
each l A NN nfl0g. Therefore, an0;l0 A jBj nA, which is a contradiction. r
According to Proposition 1, if L is a subcomplex of K then jLjb is a subspace
of jK jb. Then, we have the following corollary:
Corollary 2. If a simplicial complex K contains a subcomplex which is
simplicially isomorphic to B deﬁned as above, then jK jb0 jK jw as spaces. r
4. The Box Topology of Subdivisions
Any simplicial subdivision of a simplicial complex K preserves the weak
topology and the barycentric subdivision of K preserves the metric topology.
We consider this with respect the box topology. In case K is locally countable
or dim Ka 1, any simplicial subdivision K 0 of K is also locally countable
or dim K 0a 1, so jK jb ¼ jK jw ¼ jK 0jw ¼ jK 0jb by Theorem 1. Other cases are
discussed here.
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For each x A jKj, cK 0 ðxÞH cKðxÞ, hence bKv ðv 0Þ ¼ 0 for v 0 A cK 0 ðxÞð0Þ and
v A K ð0Þ ncKðxÞð0Þ. Then, we have
x ¼
X
v 0 A cK 0 ðxÞð0Þ
bK
0
v 0 ðxÞv 0 ¼
X
v A cK ðxÞð0Þ
X
v 0 A cK 0 ðxÞð0Þ
bK
0
v 0 ðxÞbKv ðv 0Þ
0
@
1
Av;
which implies that
ðÞ
X
v 0 A cK 0 ðxÞð0Þ
bK
0
v 0 ðxÞbKv ðv 0Þ ¼ bKv ðxÞ for each v A K ð0Þ:
For each s A K, choose a point uðsÞ A rint s (¼ s nqs). Then, for s1 <    <
sk A K , uðs1Þ; . . . ; uðskÞ are vertices of the ðk  1Þ-simplex in sk. A derived
subdivision K 0 of a simplicial complex K is a subdivision consisting of such
all simplexes. The barycentric subdivision Sd K of K is a typical derived sub-
division. For each x A jK j, there are s1 <    < sk A K such that cK 0 ðxÞ ¼
fuðsiÞ j i ¼ 1; . . . ; kg and
x ¼
Xk
i¼1
bK
0
uðsiÞðxÞuðsiÞ ¼
X
v A sð0Þ
k
Xk
i¼1
bK
0
uðsiÞðxÞbKv ðuðsiÞÞ
 !
v;
where bKv ðuðsiÞÞ > 0 if and only if v A sð0Þi . Then, cKðxÞ ¼ sk and
bKv ðxÞ ¼
Xk
i¼1
bK
0
uðsiÞðxÞbKv ðuðsiÞÞ for each v A s
ð0Þ
k ;
where v B sð0Þi implies b
K
v ðuðsiÞÞ ¼ 0.
Theorem 4. Let K 0 be a simplicial subdivision of a simplicial complex K.
If (1) K is locally ﬁnite-dimensional or (2) K 0 is a derived subdivision of K , then
id : jK 0jb ! jK jb is continuous.
Proof. To prove the continuity at a point x A jK 0j ¼ jK j, let ev > 0 be given
for each v A K ð0Þ.
(1): For each v 0 A K 0 ð0Þ, we deﬁne dv 0 > 0 as follows:
dv 0 ¼
min
1
2
bK
0
v 0 ðxÞ;
minfev j v A cKðv 0Þð0Þg
dim StðcKðxÞ;KÞ þ 1
( )
if v 0 A cK 0 ðxÞð0Þ;
minfev j v A cKðv 0Þð0Þg
dim StðcKðxÞ;KÞ þ 1 if v
0 B cK 0 ðxÞð0Þ;
8>>><
>>>:
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where dim StðcKðxÞ;KÞ <y because K is locally ﬁnite-dimensional. Assume that
y A jK 0j ¼ jK j and jbK 0v 0 ðxÞ  bK
0
v 0 ðyÞj < dv 0 for every v 0 A K 0 ð0Þ. We show that
jbKv ðxÞ  bKv ðyÞj < ev for every v A K ð0Þ.
First note that bK
0
v 0 ðyÞ > bK
0
v 0 ðxÞ=2 > 0 for each v 0 A cK 0 ðxÞð0Þ because dv 0a
bK
0
v 0 ðxÞ=2. Then, cK 0 ðxÞa cK 0 ðyÞ, which implies cK 0 ðyÞ A StðcK 0 ðxÞ;K 0Þ. Since
jStðcK 0 ðxÞ;K 0ÞjH jStðcKðxÞ;KÞj, it follows that dim cK 0 ðyÞa dim StðcKðxÞ;KÞ.
Thus, we have
v 0 A cK 0 ðyÞð0Þ; v A cKðv 0Þð0Þ ) dv 0a ev
dim cK 0 ðyÞ þ 1 :
It should be noted that v A cKðv 0Þð0Þ if and only if v 0 A Oðv;KÞ (¼ ðbKv Þ1ðð0; 1Þ).
Moreover, bK
0
v 0 ðxÞ ¼ 0 if v 0 A cK 0 ðyÞð0Þ ncK 0 ðxÞð0Þ, and bKv ðv 0Þ ¼ 0 if v B cKðv 0Þð0Þ.
For each v A cKðyÞð0Þ, it follows from (*) that
jbKv ðxÞ  bKv ðyÞj ¼
X
v 0 A cK 0 ðxÞð0Þ
bK
0
v 0 ðxÞbKv ðv 0Þ 
X
v 0 A cK 0 ðyÞð0Þ
bK
0
v 0 ðyÞbKv ðv 0Þ


a
X
v 0 A cK 0 ðyÞð0Þ
jbK 0v 0 ðxÞ  bK
0
v 0 ðyÞj bKv ðv 0Þ
<
X
v 0 A cK 0 ðyÞð0Þ
dv 0b
K
v ðv 0Þ ¼
X
v 0 A cK 0 ð yÞð0ÞVOðv;KÞ
dv 0b
K
v ðv 0Þ
a
X
v 0 A cK 0 ðyÞð0ÞVOðv;KÞ
ev
dim cK 0 ðyÞ þ 1
a
X
v 0 A cK 0 ðyÞð0Þ
ev
dim cK 0 ðyÞ þ 1 ¼ ev:
Note that bKv ðxÞ ¼ bKv ðyÞ ¼ 0 if v A K ð0Þ ncKðyÞð0Þ. Therefore, jbKv ðxÞ  bKv ðyÞj < ev
for every v A K ð0Þ.
(2): Let K 0 ð0Þ ¼ fuðsÞ j s A Kg, where uðsÞ A rint s. For each s A K, we
deﬁne
duðsÞ ¼
min
1
2
bK
0
uðsÞðxÞ; 2ðdim sþ1Þ minfev j v A sð0Þg
 
if uðsÞ A cK 0 ðxÞð0Þ;
2ðdim sþ1Þ minfev j v A sð0Þg if uðsÞ B cK 0 ðxÞð0Þ:
8><
>:
Assume that y A jK j and jbK 0uðsÞðxÞ  bK
0
uðsÞðyÞj < duðsÞ for every s A K . Similar
to the above case (1), cK 0 ðxÞa cK 0 ðyÞ. Now, we have s1 <    < sk A K such
that cK 0 ðyÞð0Þ ¼ fuðs1Þ; . . . ; uðskÞg, where it should be noted that dim si þ 1b i.
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For each v A sð0Þk , let v A s
ð0Þ
j nsð0Þj1. Then, bKv ðuðsiÞÞ ¼ 0 for i < j, and v A sð0Þi for
ib j. It follows that
jbKv ðxÞ  bKv ðyÞj ¼
Xk
i¼1
bK
0
uðsiÞðxÞbKv ðuðsiÞÞ 
Xk
i¼1
bK
0
uðsiÞðyÞbKv ðuðsiÞÞ


a
Xk
i¼1
jbK 0uðsiÞðxÞ  bK
0
uðsiÞðyÞj bKv ðuðsiÞÞ
<
Xk
i¼ j
duðsiÞa
Xk
i¼ j
2ðdim siþ1Þev
a
Xk
i¼ j
2iev < ev:
Note that bKv ðxÞ ¼ bKv ðyÞ ¼ 0 if v A K ð0Þ nsð0Þk . Thus, jbKv ðxÞ  bKv ðyÞj < ev for
every v A K ð0Þ. This completes the proof. r
The following theorem shows that even the barycentric subdivision of a
simplicial complex need not preserve the box topology.
Theorem 5. The barycentric subdivision of the simplicial complex B does not
preserve the box topology, that is, jSd Bjb0 jBjb as spaces.
Proof. We prove that id : jBjb ! jSd Bjb is not continuous at v0. (Note
that id : jSd Bjb ! jBjb is continuous by Theorem 4(2).) For each n A N and
l A NN, let sn;l ¼ hv0; vn; vli, with wn;l the barycenter of sn;l, and deﬁne ewn; l ¼
2=lðnÞ > 0. For any dv > 0, v A Bð0Þ, we can ﬁnd n0 A N, l0 A NN and x A sn0;l0
such that
jbBv ðv0Þ  bBv ðxÞj < dv for every v A Bð0Þ but
jbSd Bwn0 ; l0 ðv0Þ  b
Sd B
wn0 ; l0
ðxÞjb ewn0 ;l0 ;
which means that id : jBjb ! jSd Bjb is not continuous at v0. In fact, we deﬁne
l0 A N
N by
l0ðnÞ ¼ max 3; n; 1
dvn
 
þ 1; 2
dv0
 
þ 1
 
;
and choose n0 A N so that n10 < dvl0 . Let
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x ¼ 1 2
l0ðn0Þ
 
v0 þ 1
l0ðn0Þ vn0 þ
1
l0ðn0Þ vl0
¼ 1 3
l0ðn0Þ
 
v0 þ 3
l0ðn0Þ
1
3
v0 þ 1
3
vn0 þ
1
3
vl0
 
¼ 1 3
l0ðn0Þ
 
v0 þ 3
l0ðn0Þwn0;l0 :
Then, jbBv ðv0Þ  bBv ðxÞj < dv for every v A Bð0Þ because
1 bBv0ðxÞ ¼
2
l0ðn0Þ < dv0 ; b
B
vn0
ðxÞ ¼ 1
l0ðn0Þ < dvn0 ;
bBvl0
ðxÞ ¼ 1
l0ðn0Þ a
1
n0
< dvl0 and
bBv ðxÞ ¼ 0 < dv for v0 v0; vn0 ; vl0 :
On the other hand,
jbSd Bwn0 ; l0 ðv0Þ  b
Sd B
wn0 ; l0
ðxÞj ¼ bSd Bwn0 ; l0 ðxÞ ¼
3
l0ðn0Þ >
2
l0ðn0Þ ¼ ewn0 ; l0 :
This completes the proof. r
5. The Continuity of Simplicial Maps
Every simplicial map is continuous with respect to both of the metric
topology and the weak topology. Concerning the box topology, we have the
following result:
Theorem 6. Let K and L be simplicial complexes and f : K ! L a simplicial
map. In the following cases, f : jK jb ! jLjb is continuous.
(1) K is locally countable,
(2) K is locally ﬁnite-dimensional,
(3) f is proper.
In the above (3), a simplicial map f : K ! L is proper if f 1ðvÞVK ð0Þ
(¼ ð f j jK ð0ÞjÞ1ðvÞ) is ﬁnite for each v A Lð0Þ.
Proof. (1): Note that f js is continuous for every s A K because both
simplexes s and f ðsÞ have the Euclidean topology. Because of the local count-
ability of K , jK jb ¼ jK jw as spaces. Then, it follows that f is continuous.
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(2): We show the continuity of f at x ¼Pv AK ð0Þ bKv ðxÞv A jK j. Let k ¼
dim Stðx;KÞ <y (the local ﬁnite-dimensionality of K). Given eu > 0, u A
Stð f ðxÞ;LÞð0Þ, we deﬁne
dv ¼
min
1
2
bKv ðxÞ;
ef ðvÞ
k þ 1
 
if v A cKðxÞð0Þ;
ef ðvÞ
k þ 1 if v A Stðx;KÞ
ð0Þ ncKðxÞð0Þ:
8>><
>>:
Take x 0 A jStðx;KÞj such that jbKv ðxÞ  bKv ðx 0Þj < dv for each v A Stðx;KÞð0Þ. Since
jbKv ðxÞ  bKv ðx 0Þj < bKv ðxÞ=2, it follows that bKv ðx 0Þ > bKv ðxÞ=2, which implies
cKðxÞa cKðx 0Þ. Because cKðx 0Þ A Stðx;KÞ, we have card cKðx 0Þð0Þa k þ 1. For
each u A Stð f ðxÞ;LÞð0Þ,
jbLu ð f ðxÞÞ  bLu ð f ðx 0ÞÞj ¼
X
v A cK ðx 0Þð0ÞV f 1ðuÞ
bKv ðxÞ 
X
v A cK ðx 0Þð0ÞV f 1ðuÞ
bKv ðx 0Þ


a
X
v A cK ðx 0Þð0ÞV f 1ðuÞ
jbKv ðxÞ  bKv ðx 0Þj
a
X
v A cK ðx 0Þð0ÞV f 1ðuÞ
dva
X
v A cK ðx 0Þð0ÞV f 1ðuÞ
ef ðvÞ
k þ 1 a eu:
This shows that f : jKjb ! jLjb is continuous.
(3): As in (2), we show the continuity of f at x ¼Pv AK ð0Þ bKv ðxÞv A jK j. For
each u A Lð0Þ, let ku ¼ card f 1ðuÞVK ð0Þ A o (the properness of f ). Given eu > 0,
u A Stð f ðxÞ;LÞð0Þ, we deﬁne
dv ¼
min
1
2
bKv ðxÞ;
ef ðvÞ
kf ðvÞ
 
if v A cKðxÞð0Þ;
ef ðvÞ
kf ðvÞ
if v A Stðx;KÞð0Þ ncKðxÞð0Þ:
8>><
>>:
Take x 0 A jStðx;KÞj such that jbKv ðxÞ  bKv ðx 0Þj < dv for each v A Stðx;KÞð0Þ. As
the case (2), cKðxÞa cKðx 0Þ A Stðx;KÞ. Then, for each u A Stð f ðxÞ;LÞð0Þ,
jbLu ð f ðxÞÞ  bLu ð f ðx 0ÞÞja
X
v A cK ðx 0Þð0ÞV f 1ðuÞ
jbKv ðxÞ  bKv ðx 0Þj
a
X
v A cK ðx 0Þð0ÞV f 1ðuÞ
dva
X
v AK ð0ÞV f 1ðuÞ
ef ðvÞ
kf ðvÞ
a eu:
Therefore, f : jK jb ! jLjb is continuous. r
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Finally, we show the following:
Theorem 7. Let K and L be simplicial complexes such that K contains
an uncountable full simplicial complex and L contains an inﬁnite full simplicial
complex. Then, there exists a simplicial map f : K ! L such that f : jK jb ! jLjb
is not continuous.
Proof. Without loss of generality, we may assume that L itself is a
countable inﬁnite full simplicial complex with Lð0Þ ¼ fun j n A og, where un0 un 0
if n0 n 0. Let F be an uncountable full simplicial complex contained in K . Take
a vertex v0 A F ð0Þ and let
F ð0Þ nfv0g ¼ fvn;l j ðn; lÞ A NLg;
where L is uncountable and vn;l0 vn 0;l 0 if ðn; lÞ0 ðn 0; l 0Þ. We deﬁne a simplicial
map f : K ! L by
f ðvÞ ¼ un if v ¼ vn;l; ðn; lÞ A NL;
u0 if v ¼ v0 or v A K ð0Þ nF ð0Þ:

Then, f : jK jb ! jLjb is not continuous at v0. Indeed, V0 ¼7n ANðbLunÞ
1ð½0; 2nÞÞ
is an open neighborhood of u0 ¼ f ðv0Þ in jLjb. For each neighborhood U of v0
in jK jb, we have dv > 0, v A K ð0Þ, such that
ðbKv0 Þ
1ðð1 dv0 ; 1ÞV 7
v AK ð0Þ nfv0g
ðbKv Þ1ð½0; dvÞÞHU :
Choose an n0 A N so that 2n0 < dv0 . Since L is uncountable, we have n1 > n0
such that dvn0 ; li > 2
n1 for inﬁnitely many distinct li A L, i A N. Let
p ¼ ð1 2n0Þv0 þ
X2 n1n0
i¼1
2n1vn0;li A jF jH jK j:
Then, it follows that
bKv0 ðpÞ ¼ 1 2n0 > 1 dv0 ;
bKvn0 ; li
ðpÞ ¼ 2n1 < dvn0 ;li for each i ¼ 1; 2; . . . ; 2n1n0 and
bKv ðpÞ ¼ 0 < dv if v0 v0; vn0;l1 ; vn0;l2 ; . . . ; vn0;l2n1n0 ;
which means that p A U . On the other hand,
f ðpÞ ¼ ð1 2n0Þu0 þ 2n1n02n1un0 ¼ ð1 2n0Þu0 þ 2n0un0 :
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Then, bLun0
ð f ðpÞÞ ¼ 2n0 , which implies that f ðpÞ B V0. Hence, f is not con-
tinuous at v0. r
The authors appreciate Kotaro Mine calling their attention to the 1-
dimensional case in Theorem 1. They would also like to express their gratitude to
the referee for his valuable comments and his criticism.
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